We examine the dynamic and geometric phases of the electron in quantum mechanics using the space-time algebra formalism. In doing so we are able to relate the β parameter in Hestenes' theory to these phases. We also comment on some of Hestenes' previous work regarding the phases.
Introduction
The geometric phase is now a standard topic in quantum mechanics [1, Supplement I] . The article by Mukunda and Simon [2] offers perhaps the most easily understood comprehensive introduction to the theory. Here we examine the dynamic and geometric phases of an electron in Hestenes' space-time algebra formalism [3] . Our purpose for this is twofold. First, there has not been an examination of this topic using space-time algebra, so we provide formulas for the phases that can be used in Hestenes' treatment of the Dirac equation. These formulas illustrate the paper's second and more important purpose. The Hestenes-Dirac theory suffers from the fact that the β parameter is uninterpreted, the so called "β-problem" [4, page 52]. As we will find, the evolution of the phases is related to the evolution of β. So we are able to take some of the mystery out of the "β-problem."
The paper is organized as follows. In Section 2 we review the necessary geometric algebra. We then derive the phase formulas in Section 3. Since much of Hestenes' work is with local observables [5] , we will use local definitions for the phases. We find that β has a "time-like" role in determining the electron's phases. We also consider a type of phase formula that Hestenes has previously proposed [6, Equations (1.8) and (2.21) and Section 3] . This is derived by ignoring the "statistical factors" of the wavefunction [4, page 53]. We find that there is no obvious physical interpretation for these Hestenes-type phases. Our results are summarized in Section 4.
Space-Time Algebra
We review the space-time algebra formalism that will be needed in the sequel. The reader is referred to [3] for a more detailed account. We will let |ψ> denote the traditional (i.e., complex) wavefunction, and ψ denote its space-time algebra representation.
The space-time algebra is the geometric algebra of flat Minkowski space-time. It is generated by the vectors {γ µ }, µ = 0, 1, 2, 3, satisfying the Dirac algebra
The space-time algebra is a 16-dimensional linear space spanned by
where n = 1, 2, 3, σ n . = γ n γ 0 and i . = γ 0 γ 1 γ 2 γ 3 . For two vectors A = γ µ A µ and B = γ µ B µ , the vector product is given by AB = A · B + A ∧ B, where A · B = The Dirac equation for a spin-1/2 particle of charge e and mass m is given by (withh = 1 and c = 1)
where
= γ µ ∂ µ and a general spinor has the form
where L is a Lorentz boost, U and U 0 are spatial rotations and χ 3 is the rotation angle about σ 3 (i.e., an Euler angle). Multiplying |ψ> by the phase factor exp [ √ −1ϕ] is here accomplished by
In the sequel we will let R = LU and R 0 = LU 0 . We also define the angular velocities
The proper velocity four-vector v is defined by
and the spin polarization pseudo-four-vector s by
The spin angular momentum bivector S is defined by
From (9) to (11) we see that R 0 determines the orientations of v, s and S.
Lastly, we need to find the space-time algebra representations of the complex amplitudes of standard quantum theory. (Throughout the paper, no spatial integration will be implied by <ψ|φ> or <ψ|φ>.) The Dirac adjoint <ψ| is given bỹ ψ in the space-time algebra [7, Equation (3.13) ]. From the form of the bilinear covariants, it follows that the invariant complex transition amplitude becomes [7, Equation (3. 14)]
Equation (12) shows that the modulus and phase of complex quantum transition amplitudes are obtained by projecting out of the space-time algebra a complex structure. The "1" and "iσ 3 " are the real and imaginary units, respectively, where the iσ 3 comes from (3). As explained in [8] , such a complex structure is inherent in any correct formulation of Dirac's equation.
In the standard Dirac theory, the probability density is associated with the time component of the Dirac current. In the space-time algebra this is given by ̺ . = ρv 0 where v 0 = v · γ 0 . Therefore, with the Hermitian adjoint <ψ| being given by γ 0ψ γ 0 , we have [7, Equation (3. 16) with µ = 0] <ψ|φ> → φγ 0ψ γ 0 − iσ 3 φiσ 3 γ 0ψ γ 0
for the modulus and phase of the complex probability amplitude density. This quantity is equal to ̺ when φ = ψ. We say that the Hermitian adjoint and ̺ are "frame dependent." That is, they depend on the "direction" of γ 0 , the observer's time axis. In summary, the first term in (13) is the real part of the inner product, and the second term (less the first iσ 3 ) is the imaginary part.
Phase Formulas
Here we derive the space-time algebra formulas for the dynamic and geometric phases. First, notice that Equation (3) is invariant under the transformation ψ → ψ exp [iσ 3 α], where α ∈ R is a constant. We define the projection operator Π by
and let P be the space of all such projections. If ψ(ξ) evolves along the curve C in the Hilbert space H, Π(ψ(ξ)) will evolve along the curveĈ in P. Note that we have parameterized ψ's evolution in H by ξ. Our definition for the geometric phase should only depend on the curveĈ and should be independent of ξ.
The global dynamic phase is given by [2, Equation (2.17b)]
where the overdot represents differentiation with respect to ξ. Using (13) we see that
Using (16) in (15), and letting ξ be the proper time τ , our space-time algebra formula for the global dynamic phase is
From (17) let us define the local dynamic phase by
We use ̺, rather than ρ, in (18) because the Hermitian adjoint used in (17) is "frame dependent," so we expect the same for our probability distribution. Using (4) in (18) results in, after some tedious algebra,
where s 0 = s · γ 0 and s = s ∧ γ 0 . The component of s in the direction of γ 0 (i.e., the time direction) is given by s 0 . The spatial direction of s is given by s and is is the spatial plane perpendicular to s. It is onto the plane is that we project Ω to find δ L .
Let us now define a new wavefunction ψ
, which differs from ψ only in having the local dynamic phase removed. Noẇ
Using (13) for the inner product ofψ ′ with ψ ′ and noting that ψiσ 3 γ 0ψ γ 0 = 0, we have, from (20)
With ψ ′ differing from ψ only in the χ 3 factor of (5), let us write
Using (23) in (22), and doing some lengthy algebra, gives us
Then, from (22) and (24), we have thaṫ
Equation (25) completely determines ψ ′ 's evolution, since the other components of (23) are given by ψ. Hence, the geometric phase of ψ is determined by (25), because the phase information contained in ψ ′ is purely geometric [see (26) below].
Equations (19) and (25) are the main results of the paper. We not only have given exact formulas for determining the phases but, through these, have been able to shed light on β's role in the space-time algebra. We can consider β as having a "time-like" role in determining the electron's phases. In Hestenes' interpretation of the Dirac equation, we would integrate (19) and (25) with respect to τ along the electron streamlines [4, page 47 and Section 7] . The dynamic phase is then explicitly given by the integral of (19). For the geometric phase we would need to find δ L (T ) = arg <ψ ′ (T )|ψ ′ (0)>, where the streamline is for 0 ≤ τ ≤ T . Using (13), this becomes
where we would treat iσ 3 as √ −1 in the arg (·) function. For a cyclic evolution, i.e.,
it is easy to derive from (26) that
depends only on the pathĈ in P, and is independent of τ . This, along with (26), implies that δ L has the same (in)dependency.
We will now briefly examine another type of phase formula originally proposed by Hestenes,θ L = Ω · S [6, Equations (1.8) and (2.21) and Section 3] . The ρ and β parameters have usually been given a statistical interpretation, and, presumably, they represent our lack of knowledge about the electron [4, page 53] . From this viewpoint, we might assume that ρ and β would not play a role in determining any observable feature of the electron. If we now ignore them in (18), and use the Dirac adjoint in the inner product, we have [see
Equation (28) is of the form proposed by Hestenes for the total phase θ L , though he misidentified −δ h L asθ L . We might be tempted to associate δ h L with the dynamic phase of R. However, this is incorrect since we have substituted the Dirac adjoint for the Hermitian adjoint in (18) when deriving (28). The true dynamic phase of R is given by (19) with β = 0:δ
So there is no apparent physical interpretation for the Hestenes-type phase δ h L .
Discussion
We have derived the phase formulas for the electron in the space-time algebra formalism. In doing so we have been able to directly relate the β parameter to the phase evolution. While the role of β is not well understood, it has generally been interpreted as a statistical parameter. However, as (19) and (25) show, the statistical interpretation is not necessarily correct. Unless we are willing to give a statistical interpretation to δ L and γ L , we cannot give one to β.
When considering the Hestenes-type phase formula, we have found that the physical interpretation for it is difficult. It is certainly not the dynamic phase of ψ. However, interpreting δ h L as the dynamic phase of R is also incorrect. We have given the correct formula for the dynamic phase of R in (29).
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